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A comparison is made between several models of lattice QED, in 2 + 1 dimensions, which have been shown
to exhibit confinement for small couplings. We also compare two different approaches which have been
employed to study this phenomenon: the variational and path-integral methods. The reasons for differences in
the results are explored. The importance of compactness for low-coupling confinement is demonstrated.

I. INTRODUCTION

There have been several approaches to the
problem of confinement in (2 +1)-dimensional
compact QED for small coupling constants. All
approaches yield a static potential energy E(D)
~vyD between a gq pair a distance D apart, where
Y vanishes nonanalytically with the coupling. This
means there is confinement (but there are dif-
ferences in the results). Since the approaches
and the models themselves differ widely, we think
it is worthwhile to try answering the following
questions: How are the confinement mechanisms
related? How much of the difference between
the various results is caused by making different
approximatioris in each case? There is also the
question of periodicity. In one approach,® heavy
use is made of the periodicity of the Hamiltonian
as a function of magnetic field, whereas in the
path-integral approach of Ref. 1, the apparent
cause of confinement is the presence of multi-
pseudoparticle solutions, and these exist for
nonperiodic field potentials as well (those pos-
sessing degenerate minima). One would like to
know whether periodicity is really necessary for
confinement.

What follows is an investigation of these points.
We will begin by describing the main features of
the approaches we will be referring to, but first
a word about notation: Our conventions for elec-
tric and magnetic fields vary in different parts
of the paper. To prevent confusion we will give
their definitions in terms of the vector potentials
A; whenever necessary. A; are always normal-
ized to satisfy canonical commutation relations

with A;. We will always be working in the tempor-

al A,=0gauge. Other conventions used are as
follows:

(1) The lattice indices ¢,j run over 1,2,

(2) Greek indices u, v, etc., run over 1,2,3,

(3) The 3 direction is the time direction (real
or imaginary). »

(4) Summation over like indices is sometimes
implicitly used.

(56) A,, A; are lattice difference operators.

(6) fi, 7 are unit vectors in the directions u, i,
respectively.

A. The path-integral method

This approach was implemented in two different
ways which converge at a certain point.!'* Polya-
kov used a Georgi-Glashow QED, which we call
model I. The Euclidean action is

/ dx[;f; Fu+ 3090 + M$° - n2>2] :
(1.1)
Fuu = e(auzv -9, Ku) + eZKu X Kv ’

where 55 is the isovector Higgs field, and fw
are the non-Abelian gauge fields for the SU(2)
gauge group. Fj, are derived from vector
potentials Aj,, where a is the isospin index. 7,X
are constants; e is the gauge coupling and has
dimension (length)"/z; D, are covariant deriva-
tives.

Model I contains a pseudoparticle solution, the
’t Hooft—Polyakov monopole. By a suitable gauge
transformation, A}’ are gauged away far from
a monopole, and one is left with the vector poten-
tial A, =Aj}. Only a U(1) subgroup of the original
SU(2) symmetry remains. Polyakov computes
the correlation function

F(C)= <exp <z'e f;Audxu»

for small e. C is the Wilson loop. He considers
only the multimonopole contributions to the path
integral. F(C) is thus expressed as a correlation
function in a magnetic-monopole gas, in the dilute-
gas approximation. The monopoles have a
long-range Coulomb interaction, but a screening
occurs that makes the Green’s function of the gas
short range. In fact, the £%=0 pole in the corre-
lation function )

f e X(T(B(0)B(x))) dx ,
where B is the magnetic field, disappears when
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an infinite set of Feynman graphs is summed.
Instead of the massless vector boson A4,, one

gets a pole corresponding to a massive scalar
field ¢. F(C) is expressed as a path integral

over this field:

Fe)- [ [d¢]exp{—%ne2 [ axl(v o -mp

~2M?2 cos¢>}} ,

5. (1.2)

S is the area bounded by the contour C. It is
unambiguous if one chooses a planar C.

This path integral is computed using a stationary
point. The result is an area-law decrease,

F(C)ce™™ (1.3)

where A is the area of S and y is a constant.!

The second model in which the path-integral
approach was used is compact QED on a space-
time lattice.? The Euclidean action is

8 [1-cosb,,(r)], (1.4)
T,V

where 6,, is a dimensionless multiple of the
electromagnetic field tensor. We call this model
II. The B—« limit is considered. Using a Villain
approximation, a monopole partition sum is
derived, and the results are a lattice version of
those in Ref. 1. The discreteness of spacetime in
this model eliminates short-distance problems;
in particular, the Self -action of a monopole is
computable. But the long-distance behavior is not
affected by discreteness, so (1.3) is still true.
B corresponds to 1/é%a, where e is the coupling
in Ref. 1 and a is the lattice spacing. In both
models I and II the static energy of a quark-anti-
quark pair at large separation Da is read off (1.3)
and is

ED)=~yD,

where y vanishes nonanalytically with the coupling.
The treatments in Refs. 1 and 2 are valid for
small couplings e; we further know compact QED
confines for large e.* Hence these models cannot
have a phase transition.

B. The variational approach

This approach to the problem is a Hamiltonian
formulation on a two-dimensional lattice of com-
pact QED. Here one examines the energy of a
string connecting a static quark-antiquark pair.®
As is well known, this approach is equivalent to

the Wilson loop criterion. Qur compact QED Ham-
iltonian is

1 2
H:—z-[gzpz; E;,,-2+?; (l—cosB;)} , (1.5)

where Ej,; is the electric field on a link P~ +7,
Bj is the magnetic field on a plaquette, and we
have set the lattice spacing a to be 1 for conven-
ience. g corresponds to e in Ref. 1, In terms of
the vector potentials we define

1
E;.i =§83A;", (1.6)

By =g€;;0i4A5,;.

We name this model III.

The separation energy E(D) is computed
variationally in a special sector of Hilbert space.
Let I{B;}) be a state with a well-defined magnetic~
field configuration, Bj; at site p. Working in this
basis, the wave function is

xdB;H =dBsHy), G )

where |¢) is that part of the g7 state belonging to
the photon sector. The Hamiltonian is periodic in
each By with a period 27. An operator Ly con-
jugate to By is defined as follows:

Eji=€;0,L5+Ep;.
E,l},,- is the Coulomb static field and we choose it to
be that generated by a static ¢g pair a distance
D apart. A; are lattice difference operators. The
above-mentioned periodicity then means that

[exp(2miL;), H]=0.

Therefore Gy =exp(2miL;) are good quantum num-
bers, and so are Ly up to integral fluctuations,
Choosing then a sector in which

Gy =exp(2mieg), Ly =€; +integer. (1.8)
We can label the trial wave function as
x({Bs; 1.

This is a Bloch-type wave function, with “wave
numbers” €;. The natural choice for €; is that
which will screen the Coulomb field and squeeze
the electric flux links into a string which runs
in a straight line between the quark and the anti-
quark. Then the question of confinement trans-
lates itself into the question: Will the string be
stable? Making this choice of €; (Ref. 3), one
must now determine the shape of X inside a single
potential well. X is chosen to be a sum of Gaus-
siang®
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Xuia (B3; 1) =I_I <

=
"y

= . 1
Z ) exp (2111 Z: n;e;)exp [— —2?2 (By = 2mng)Azz(Bye — 27rn;,ﬂ6(z B;,) (1.9)
) Y 7

and Agy;» is a Green’s function, determined variationally to be

e 1 iEe(7-5) -1
A”,_VE;)e ?’(4 -2 cosk, — 2 cosk,) 2

s - 2
up to corrections of orders g2 and e #

(1.10)

. K is the discrete lattice momentum. The variational computa-

tion then gives for E(D) an expression, derived from a partition sum

o

ATHE H ( > ) exp [- E”zz-; N3Az5.Npo+2mi Z: N;e;] 6 (Z N;) . (1.11)

azeo
N3

This is a partition sum of a two-dimensional Cou-
lomb gas on the lattice, interacting with an imag-
inary external field. The charges of the gas have
the interpretation of being tunnelings between the
different B-vacuums, i.e., they appear in the sum
as a result of overlap integrals between different
terms in (1.9). If one wants to push the tunneling
interpretation further, one can say that the mag-
netic charges are electric vortices; a tunneling
means a change of B with time, which causes an
electric field circulation, by Faraday’s law. In
Secs. II and III, we will examine the relation be-
tween these tunnelings and the monopoles of the
other approach.

C. Plan of this paper

In what follows, we will compare the various
aspects of the different procedures—the “varia-
tional” (or “tunneling”) approach and the “path
integral” (or “monopole”) approach. The plan of
the paper is as follows: In Sec. II we discuss clas-
sical monopoles in a certain continuum model,
in order to gain a better understanding of the re-
lation between model I and the other two models—
in which no exact monopole solutions are known.
In Sec. III the mechanisms for screening and con-
finement are explained and compared in the two
approaches. In Sec. IV we explore the impor-
tance of compactness for screening and confine-
ment. In Sec. V, a numerical comparison is made
between the results of Refs. 2 and 3, and an at-
tempt is made to explain the different long-
distance behavior of the Green’s functions. In
Sec. VI, the treatment of Ref. 2 (namely, a space-
time discretization) is applied to model III, and
comparisons are made with both Refs. 2 and 3.

In Sec. VII we present concluding remarks.

II. MONOPOLES IN SELF-INTERACTING QED

To better understand the connection between the
approaches, and also between models I and II,
we will demonstrate how classical monopole solu-
tions arise in certain self-interacting QED models.

I
Models II and III are such models. Consider a
generalization of model III for Euclidean time:

. 1
Action = f dt 'z'g—EZ;B;;;z
Pt

1
+Ez-fdt Z;: V(B;). (2.1)

Again we have set a =1 for convenience, so the
problem is now devoid of dimensional quantities.
The convention for the fields is now as follows:

Bx-;.l =g€,-j33A5"]- ’ (2.2)
Bp =Bj,3=g8€:; 8: A5,; .

Note we have passed from a (2 +1)-dimensional
notation, in which there are two electric-field
components and one magnetic component, to a
three-dimensional notation where there are three
magnetic-field components. We choose a field
potential V having two degenerate minima:

V(B)=3B%- 2;;(3 - 7)6(B =) (2.3)

(see Fig. 1). This is a piecewise quadratic func-
tion. To find a classical solution of the equations
of motion, we should solve a set of difference-
differential equations. However, in order to make
our point as simply as possible, we will replace
the spatial lattice by a continuum for the remainder
of this section. The action is now

Action = %f d3x Z [Bi(x)F + g;f &xV(B),
(2.4)

v(B)

L 8
(o} m 2

FIG. 1. A piecewise-quadratic field potential.
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where
»=0.

The last follows from (2.2). The equations of
motion obtained from this action are

a;mz 9,*V'(B)=0, (2.5)

Ze,, iB;=0,

We seek a monopole solution. From (2.3) and
(2.5)

3 2B+Z

V2B =27(8,2 +8,%)6(B — 7).

9,B,=0. (2.6)

’[B - 21r6(B—1r)] 0,
(2.7

Imagine a configuration B9 in which B =27 in an
infinitely long tube, B=7 on some surface K

at the end of the tube and everywhere B<m out-
side this tube (Fig. 2). Obviously, the right-hand
side in (2.7) is nonzero only on K and T and singu-
lar there. It is equivalent to an infinite current-
solenoid terminating near the point P, which will
generate another configuration B similar to the
first. It will have the same T but a different K.
Thus we can find an approximate monopole solu-
tion to (2.7) by iteration, which presumably will
converge. From the first iteration B9 onward,

B behaves like a monopole field far from the tube,
and from (2.6), all three components will behave
like T/#®. We have used a singular field poten-
tial; for a potential V(B) that varies smoothly
near B =, like a cosine potential, the current
solenoid may develop a thickness.

Note that Eq. (2.7) has no length scale, so the
width of the monopole tube is arbitrary. The
monopole point P is also arbitrary, but the tube
must be along the 3 direction.

One can presumably find such monopole solu-
tions for any potential V(B) possessing degenerate
minima. This condition is satisfied in particular
for periodic potentials, but periodicity is not
required. This leads to the question raised in

K
(%01¥o0:t0)

2
[ T/ x,= (x,y,t)

FIG. 2. A monopole. B becomes 7 on surfaces T,
K.

Sec. I, of whether periodicity (compactness) is
necessary for confinement. We will investigate
this point in Sec. IV.

III. SCREENING AND CONFINEMENT MECHANISMS

In both approaches confinement is achieved by
screening. The monopole picture in 2+1 dimen-
sions is as follows:

The Wilson quark loop is an (imaginary) current
loop C, producing a magnetic field. This field is
the same as that of a narrow magnetic dipole
sheet on the area S bounded by 'C, except on S
itself. On the lattice, this sheet is one spacing
thick. The energy of the loop increases only as
the loop perimeter. However, the loop is im-
mersed in a magnetic monopole gas, which inter-
acts directly with the dipole sheet, thus adding a
term proportional to the area of S to the action.
The gas becomes polarized, and monopoles of
opposite polarity accumulate on the two sides of
the sheet, screening both the magnetic field away
from the sheet and the monopole-monopole. inter-
action (Fig. 3). This gives the correlation func-
tion a finite range, whose inverse is interpreted
as a mass of a scalar field. The mass vanishes
nonanalytically with g. This effect causes the
action to increase by an amount proi)ortional to S.
Thus

<exp (ie 9{0 Audxu»‘,

decreases according to an area law.

This picture can be projected into a static one
in the two space dimensions. Here the current
loop becomes a quark-antiquark pair a distance D
apart, creating a Coulomb electric field. The
electric field in this picture is simply related to
the loop magnetic field by

E;=¢;,B;, @.1)

where B; =B remains magnetic. Unlike in Sec, II,
E now includes a longitudinal part. The Coulomb
field is purely longitudinal; a monopole adds an
electric vortex in this picture. Vortices of op-

FIG. 3. The Wilson current loop, immersed in a
monopole gas.
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FIG. 4. Aquark-antiquark pair. The lines are Coul-
omb field lines, the circles denote electric vortices.

posite circulations accumulate on both sides of the
qq line, focusing the electric flux to a narrow
tube, which causes confinement (Fig. 4). This
same spatial picture of confinement in the mono-
pole approach can be seen in the mechanism of
Ref. 3. There one has vacuum tunnelings rather
than monopoles, but these are known to be re-
lated. Specifically, we saw such a relation in
Sec. II. The sense in which electric vortices are
present in Ref. 3 is the following one: If we iso-
late a single-gas-particle term in the partition
sum (1.11), i.e., a configuration N; =057, its
contribution to ( Lg) is i(m/g?)Az5;. This shows
that in the Hamiltonian approach, too, the “gas
particles” are associated with electrical vortices.
The ¢ results from the fact that in the Hamiltonian
formalism one has real, rather than imaginary,
time. In both approaches, screening makes the
correlation function of the gas well behaved at
large spatial separations. But in the monopole
approach the screened propagator decreases ex-
ponentially with distance (it developes a mass),
whereas in Ref. 3 the decrease is a power law.

In Sec. V we will discuss this discrepancy, and
show how it might be an artifact of certain un-
justified approximations made in Ref. 3.

IV. COMPACTNESS

A. The case of a nonperiodic potential

In all three models I, II, and III the action is
compact in some way. In model I it is compact
through the non-Abelian group in which U(1) is
embedded; in model II, it is periodic in all three
nonvanishing components of 6,,. In model III,
the action is periodic only in B. If the action
were not compact, the theory would not neces-
sarily confine for large g. What happens to the
small-g arguments for confinement in such a
case? If V(B) is nonperiodic, {E;} are no longer
well-defined quantum numbers, since G; [defined
in IB] no longer commute with the Hamiltonian.
To put it another way, the fluctuations of Ly
around €; are no longer discrete. Therefore,
even if V(B) has a (finite) number of degenerate
minima, (1.9) is no longer a reasonable trial wave
function. Since no set {6;;} is favored now, one

(0 (10

A

(0,0) ¢ (1,0)

FIG. 5. The Wilson contour.

should take the one leading to lowest energy,
i.e., the vacuum assignment, and confinement is
lost. Formulating this in the Wilson loop lan-
guage, where the loop C is the rectangle shown
in Fig. 5, one has for Euclidean time of duration

,T,

C(p-pi T
F(C)=<0 exp[—zg > A |e
p=0

(p=-1)1 N
xexp[ig Al(p)] 0

-
»=0

and as T'— =, F(C)-~1 unless

<0 exp [iguﬁnAl(ﬁ)] 0> =0.

P=0
The latter is true for any quark positions only if
the vacuum wave function is periodic, which in
turn means V(B) must be periodic. Thus there
is no area-law and no confinement for nonperiodic
V(B). But consider a potential with a finite num-
ber >1 of degenerate minima. There are still
tunneling and monopoles in the theory, and one
can argue that in a path-integral calculation of
F(C) these will cause screening and confinement,
for g1, as described in Sec. III. We will now
demonstrate, for a particular double-well poten-
tial, how the screening mechanism breaks down,
thus affirming that for small g, too, periodicity
is needed for confinement as can be deduced from
the general argument above. (Note, however, that
just because screening does not appear in the
usual way does not prove lack of confinement.)

B. An example

Let us choose a particular nonperiodic poten-
tial, and demonstrate how screening breaks down,
even though V(B) has two degenerate minima and
therefore tunneling and monopoles.

The breakdown will appear in a different way
from in IVA. Working on a spacetime lattice, one
cannot have two tunnelings of the same signature,
at the same spatial point and two consecutive
times. This is because the potential we have
chosen has only two minima. One does obtain a
monopole gas, as in Ref. 2, but the monopole
charges m(») do not vary independently, and we
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show how that ruins screening. pact. It corresponds to a free photon in two lim-
We employ here the following convention for the its: B~ 0 and B—~=, For small B V(B) can be ex-
fields: panded around 3 B? and gives, for example, a
three-photon coupling proportional to
Ei = asA, '} (4 1) 23
. B 3e'1/280 a .
B= €ij A‘Aj . 0

Thus this potential has no strong coupling limit.
But we choose it because a monopole gas can be
V(B)=-a"3In[e"(V2)#B%  o=(12)a(B-Bg)?] derived exactly from the path integral. In that
monopole gas B, corresponds to 1/g in Ref. 2.

The potential we choose is (Fig. 6):

a=lattice spacing (4.2) Setting a =1 for convenience, the correlation
for large B,. It has two minima and is noncom- ¥ function is
F(C)= <exp [ie S A, (r)]> o f [dA]exp{ie DA -5Y ER) - V[B(r)]} , T (4.3)
B,r T Ty r

where 7 is the lattice site, and J, is?®
1 if the link 'r-—r+ﬁ is on C,
Ju,(r)=< ~1 if the link »+ 1—7 is on C,
0 otherwise.
For the potential (4.2),
exp{ -2 V[B(r)]} = (H t) e (RIB)
r n? 0 r \

Therefore the integrand in (4.3) is Gaussian, and the path integration can be performed exactly. The
result is, up to perimeter-law factors,

F(C) (I‘I Z Z ) exp{ 2 —Q-N <A2) ,—z(eBO)E N,—A-é;- [6y,00s(x, t)]}H N,y -m, - (4.4)

p0N="1

If we choose the curve C as in Fig. 6. 6g(x,%) is 1 on S and 0 outside. The interpretation of (4.4) is a
(dilute) monopole gas, where N, are the monopole charges. They arise from tunneling between vacuums
which have B(r)=Bg,, n,=0 or 1. This implies a constraint on the monopole charges, which is the
Kronecker delta. It is this constraint that ruins the screening, as we will show. The external source
coupled to N, in (4.4) is the same as in Refs. 2 and 3. Defining

A
n,:zgéy,oes(x, t)eB,, : (4.5)
we get, by the usual resummation techniques,

F(C)e (n D Z f d%) I 0x,r, 30 exp[ 2 (¢,,—n,,>N,]exp[

Without the constraint, this would give (cos¢,) factors, whose normal ordering in a diagram expansion give
the Green’s function a mass, similar to the mechanism in Ref. 3. However, due to the constraint,

180D o)) ST STRRRAR | §2EN Do EETES)
= II "Z exp [—i ‘; Rl D= Bpreis +Thproy = n,,)]

;02 ) (Auqs,,)'a] : (4.6)

rhik

=T {1 +expli(e,5 = ¢, +n, = m,.5)]}.
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v(B)

~B3/8

B
o Bo

FIG. 6. A double-well field potential which does not
confine.

This introduces a derivative coupling of the ¢,
field, and the self-energy will vanish as momen-
tum- 0. Thus, screening breaks down.

V. A DETAILED COMPARISON: MODELS II AND III

Models II and III differ in two respects: Time
is continuous in III while discrete in II, and the
action in III is periodic only in B, not in the
electric fields. In addition, the approximations
used in Refs. 2 and 3 are different, although
similar in nature. The strength y of the linear
confining potential comes out different in the two
papers; in Sec. VI we will show this is mainly
an artifact of the different treatments of time.

In VA we will compute the numerical coefficients
in y, based on Refs. 2 and 3.

A major qualitative difference in the results
concerns the nature of screening: In Refs. 1 and
2, the screened Green’s function of the monopole
gas drops exponentially at large distance, where-
as in Ref. 3 it drops as a power. In Sec. VB we
will demonstrate how the approximations made in
Ref. 3 may be responsible for this.

A. Numerical comparison for the linear potential

In both approaches, the separation energy for a
¢q pair a distance Da apart (a is the spatial lattice
spacing) is

ED)=yD. (5.1)
v behaves for small g as
¥ = b exp (—d;%)(gza)ca'z, (5.2)

where c¢,d, b are numbers. We will compare them
for the two approaches. From Ref. 2 we found®

2g2M 4gV2
Y= g;rz =%;2—exp(—1rzvo/g2a), (5.3)

where M is the screening mass, and v, is quoted
as being

v,~0.253,

Thus,

o=

C, =

d,=2.50,
5,=1.80,

’

where the subscript refers to Ref. 2. In Ref. 3,

a
where
1 & & ( ™ wn,\ Y2
=lim —— - 20 -2
J iﬂ4L2 Z E 4-2cos T 2 cos T )

n= =L ng= =L
1 T T
= Zﬁf f dkydk,(4 - 2 cosk, — 2 cosk,) Y2 ~0.64.
-T -T

Thus
c; =0,
d,=m%J=~6.33,
6,=1.87.

B. The long-distance behavior of the Green’s function

The Green’s function of the gas has different
long~distance behavior in Refs. 2 and 3. In Ref.
3, Ayp. is that given by (1.10) and normal-ordering
the diagram expansion modifies it to

1 iEe(p?-7
oL E

X[(4 -2 cosk, — 2 cosk, )2 + 1% /g 2]t
(5.4)

where p?=e""%%* The latter is actually an

equation for u?. ALz behaves as 1/[p’-p|° at
large distances, which is enough to eliminate vol-
ume divergences. However, this behavior differs
from an exponential falloff. One would expect

such a falloff when the three-dimensional monopole
gas of Ref. 2 is projected on the two spatial di-
mensions, as described in Sec. III.

The trial wave function x is chosen to have a
Gaussian form in Ref. 3. Actually, for a smooth
field potential V(B), a Gaussian would only be ac-
curate near the bottom of the potential wells. But
it would be difficult to compute the integrals with
a non-Gaussian wave function. However, an ap-
proximation is made in Ref. 3 even in deriving the

Ay that extremizes <x|H|X>-

We have found that changing this approximation
can make Apg. well behaved to begin with at large
distances. We suggest that such effects may
combine to make the photon propagator drop ex-
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ponentially, as in Ref. 2, but cannot prove it.
Defining as in Ref. 3

1 iEs(70 -7
Aasv=726 Py,
K

we start by assuming that 7, is finite, and seek

to show that this leads to self-consistent results.
Thus, there is no need to freeze out the degree of
freedom ) 3By as done in (1,9), so we remove the
0 function from X 4, . Also, since Agg. is well
behaved at large distance, we can use the cluster
expansion. This consists of expanding the ex-
ponential factor in (1.11) around

TTz
exp(_ '—EAOEN;Z) ’
g 5

where A,=Ap;». For no external sources €5 =0,
one must minimize (x|H|x) = E{yg}) as a function
of the yg —=s. In the first approximation to the
cluster expansion, this gives the equation

., 4m?
iV, Pt e
g

-ﬂzAO/gz — 0
at k2 =0, which has no solution. In the second
approximation the equations becomes

1 -p 4m?

- 327 .
vyt _g—z_e 28, /2 _ e zron/gzyO , (5.5)

which admits the solution

2
Vo=t 00 (1).

Had we neglected all e~ " %% terms in (5.5) we

would have obtained v,"%>=0 as in Ref. 3; it is

" this approximation that we have changed. Further-
more, for k* small compared to y,”* we can
expand

2
g 124 k2

YETgge®

4 ->
+ 10§47r4 2™80k22 L (1)

and at finite E, we obtain as in Ref. 3
Yp=(4~2cosk, -2 cosky)"l/2
+0(g?2)+0(e"™20%?) .

Inclusion of higher-order terms in the cluster
expansion will change (5.5), but to all orders we
still have, at least formally,

~ gBoke2

Yo

V1. AMODIFIED COMPARISON

We will now refine the comparison between the
path-integral and variational approaches by
making the models, used as inputs for the two

procedures, identical. That is, we will apply a
path-integral method to model III. As a first
step, we will put this model on a lattice in time
as well as space, but with lattice spacing b in
time and a in space. For b finite, we obtain
results similar to those of Ref. 2; for b =a they
coincide. This is done by employing approxima-
tions similar to those used in Ref. 2, We then take
the continuum limit b~ 0. There our results are
less accurate, since the approximation that all
monopole charges are £1 breaks down, However,
we are able to argue that the crucial numerical
coefficient d, governing the nonanalytic behavior
of confinement near g =0, is the same as obtained
in the variational treatment of Ref. 3.

Model III for continuous time has the action

2

folta2 Z (%Z [E: (B, OF

i coslean®,011),  6.1)

where g is the coupling constant, a is the spatial
lattice spacing, and P denotes a lattice site. g
has dimension (length)~'2,

We now make time discrete, with spacing b, and
make spacetime Euclidean. The action now be-
comes

S=ba*y <é 2 LB+ ;;%{1 - cos[ga’B (T)]}> ’

(6.2)

where » now denotes a three-dimensional lattice
site. In terms of the vector potentials the elec-

tric and magnetic fields are

Bl -a),
(6.3)

Bi-e(La,a,-Lan,).
A, are the difference operators in the three direc-
tions. We will rescale the 4,

b =gad;,

0, =gbA,,
and define

Ouy=0,6,- 1,06, (6.4)
so that

S = zr: [1-cos6,,()]

1 s
+ 5575 2 L0 F, (6.5)

and our aim is to compute
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z-11 f[déu(r)]exp[—s -iy ju(V)Gu(r)] ;

(6.6)

where j, is the external source associated with
the Wilson loop. To find j for a given contour C,
we note that

D Ju6u(r) =g E ad;()ji(r)+g Y, bA) s () -

And we therefore choose
1 if the link »~7+ [l is on C,
jur)={~=1 if the link 7 +[i-7»ison C, (6.7)

0 otherwise,

. . b
S +i g Gub, =g;a—2; [1-cosb(»)]
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and this current is conserved: A,j,(»)=0.

What is the range of integration over 6, (»)? The
action is periodic in neither 6, nor 8,;, so we let
6, (r) vary over the entire real axis.

Separate 6; into longitudinal and transverse
parts,

0,(r) =DM (r) = €;; 4 6(r);

b
2 2
AZ+A,

therefore

6, = 60r).

We get the following exponent in (6.6):

1 A2 ey . 1
* o2 zr: [)\ASZAiZA+ 6556~ 0,0:20, 2(A393)Ai2?x]+2 PINACEYSIEEDY Jieiszz 0
r r

(6.8)

with A;2=A;A; =A2+A.2, This expression is quadratic in 6; and X, so integration over these variables can
be easily performed, leaving only a path integral over the magnetic field 6(r). The result is

Zocn ]::de(fr)exp{— -—%Zr: [1—c0s9(1f)]

1 1 : . NS
+2—g—2-5; (8,6) 575 (8,6) + > (Ayja =B 3 e}. (6.9)
) r

The proportionality is up to a factor resulting from the self-interaction of the current loop j. -Such factors
contribute only a perimeter law and will be subsequently ignored. To compute Z we replace the cosine

potential by its Villain version®

-12/28

exp[-p(1 - cos )]~ e ———7- e (6.10)
,:Z.f., (2mp)2
and perform the 6 integration, which is now Gaussian:
2a a
ZOEH Z exp[—%Zl(r)( +—-—-—> (r) - gzbzl 1]2-4\2]1)]. (6.11)
r Kr)==x= r
Substituting I(r) =A,L(r) and using the Poisson resummation technique gives
1
z=T] T exn|ioi ZZ mly)———ml(r)
romre-e 8+ &
a
2 1 1 . .
2 m)—7— ] @ de= 8270 | (6.12)
i)

where 9, =(1/b)A,. This is, once again, the partition sum for a monopole gas, interacting with a current

loop. We now consider two cases.

I. b=a. In this case (6.12) coincides precisely with (A2) of Ref. 2. This is interesting, since model Il
is not symmetric in space and time, and yet yields a symmetrical monopole gas.
II. b<<a. Let us characterize a configuration of {m@r)} as
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M) =D Myy(R)0s,¢ (a5 - (6.13)
3

where v =(x,y, ¢) and {M} are restricted to be integers #0. Now a configuration is characterized by a set
{M,,(%)} of monopole strengths, and a set {¢,,(¢)} givingtheir timesfor every spatial site.

In the continuous time limit, b<<a, 9; becomes a true derivative, and 1/[8,% +(1/a%)A;%] becomes a mixed
matrix-integral operator. The external source

nxy(t):(l/Aa)(Aljz—Azjl) (6.14)
is a finite, discontinuous function of ¢ for a given xy. Finally, we can replace
v o-fas,
r x
(1/)8¢, ¢y =~ 0€ =24 (R)),

and all of the above gives

271
ZoTq E Z exP Z: Mxy(k)Bxyh.x'N'k' '(k )"'—Z y(k) __—_nxy(t) ’
2 1 2
tgy(R) UMy (R)) ka.x's'k' vk 9 +;Aa t=t (k)
(6.15)
1 !
Bryk xoylkl— _———'—G(t—txly (k ))6 'XO y’yD
8,2+ 'a_zA'z ) t=t, (k)

The summation over {t,y(k)} includes summation over the number of monopoles at the point xy. The
numbers B,,, ,+«- are finite, and proportional to a. According to the procedure employed in Refs. 1, 2,
and 3 one should at this point neglect all monopoles with charges not +1, since a monopole with a higher
charge gets extra powers of exp(—1/g2a). But since b<<a, these configurations are no longer suppressed,
since two big and opposite charges can come close to within a few b on the time axis and have a small
action. We do not know how to compute Z in the limit 56— 0, but we now make the following assumption:
Along the time axis, monopoles will cluster into segments. These segments are of length ~a, since this
is the scale of the Green’s function B. For two such segments, separated by a time interval =a, the
interaction B between them is less important than their self-action, so we can apply the approximation
M, (k)=+1 to the total charge of a segment. According to this mechanism, (6.15) effectively becomes the
gas of Ref. 2, where “segments” replace monopoles. The main difference is in D,=B,, ,y», Which is de-
rived from a continuous-time, rather than a discrete-time, Green’s function. The d coefficient, defined
in Sec. V, is therefore

2 2 2
a=2Tp -2l 1 5,0, ) (6.16)
a alg2, 1, 107
t+?Ai

t=x=y=0

The less important coefficients, ¢ and 6, presumably depend on the details of the clustering phenomenon.
Going to momentum base, (6.16) gives

——‘-’-f dwf

-t/a

-1
f dk,dk {wz + %[4 —2cos(k,a) -2 cos(kza)]}
T/l

=——41,, dwf f dk,dk,(w? + 4 - 2 cosk, — 2 cosk,)"!
[
1 -
- f f (4—-2cosk, -2 cosk,) g Ak, , 617

T V=T
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which is exactly d;, the result in Ref. 3, as writ-
ten in Sec. V.

CONCLUSIONS

We have compared the monopole and variational
approaches to the problem of confinement in com-
pact QED in 2 +1 dimensions. We saw that the
mechanisms for screening and confinement are
qualitatively the same, and that the crucial coef-
ficient d comes out the same if one takes care to
treat time in the same way in the two approaches.
The main remaining discrepancy is the nature of
screening, which is only a power law in Ref. 3

but is exponential in Refs. 1 and 2. However, we
indicated that this might be an artifact of certain
approximations made in Ref. 3. We have also
demonstrated that the confinement mechanism
breaks down for nonperiodic potentials.
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